Abstract. We define a quandle variety as an irreducible algebraic variety Q endowed with an algebraically defined quandle operation ⊲. It can also be seen as an analogue of a generalized affine symmetric space or a regular s-manifold in algebraic geometry.
1. Introduction 1.1. Generalized symmetric spaces and ϕ-spaces. A symmetric space is a Riemannian manifold with a symmetry s x around any point x. Here, by a symmetry around x, we mean an isometry which fixes x and inverts tangent vectors at x. After the extensive studies byÉ. Cartan, the theory of symmetric spaces has been significantly generalized. One important direction was to regard them as manifolds endowed with the binary operation x · y := s x (y). (See [SSS02, Introduction and § §1-7] for a survey of developments of the theory of generalized symmetric spaces.) In [Lo67] (see also [Lo69] ), Loos characterized symmetric spaces in terms of binary operations. For the brevity of the presentation, let us mean by the word "automorphism" either an isometry, a diffeomorphism preserving an affine connection or just a diffeomorphism according to the context. Then a symmetric space is a Riemannian manifold M endowed with a smooth binary operation · : M × M → M subject to the following conditions:
(1) x · x = x. (2) s x : M → M ; y → x · y is an automorphism. (3) x · (y · z) = (x · y) · (x · z). (4) s x • s x = id M and x is an isolated fixed point of s x .
In the setting of affine differential geometry, the same conditions define an affine symmetric space, although Loos proved that the affine connection can be canonically constructed from the rest of the data.
The notion of symmetric space was generalized by relaxing the condition (4). Loos considered manifolds with an operation satisfying the conditions (1)-(3) and (4R) (reflexivity) s x • s x = id M , and named them reflexion spaces.
Non-involutive symmetries were introduced to the field by Ledger([Le67] ). Then Kowalski and Fedenko considered the notions of regular s-manifold and generalized affine symmetric space. A regular s-manifold is defined as a manifold with an operation satisfying conditions (1)-(3) and (4T) (tangential regularity) T x s x − 1 is invertible on T x M .
A generalized affine symmetric space is an affine manifold which admits an operation satisfying conditions (1)-(3) and (4I) (isolatedness) x is an isolated fixed point of s x .
In this case, the family {s x } of automorphisms is called an admissible s-structure.
The conditions (4T) and (4I) are equivalent in the presence of a Riemannian metric or an affine connection, so a generalized affine symmetric space together with an admissible s-structure is a regular s-manifold.
Cartan proved that a symmetric space can be described as a special kind of homogeneous space. Loos, Fedenko and Kowalski gave generalizations of this result in their respective settings. In order to state their results, let us explain the notion of ϕ-space introduced by Vedernikov([V65] ). Definition 1.1. Let G be a Lie group, ϕ an automorphism 1 of G, and H a subgroup of G satisfying (G ϕ )
• ⊆ H ⊆ G ϕ . Then G/H, or the triple (G, H, ϕ), is called a ϕ-space.
It is called a regular 2 ϕ-space if Tēφ − 1 is invertible, whereē is the residue class of the identity element andφ : G/H → G/H is the induced diffeomorphism.
Extending the work of Loos on affine symmetric spaces (see Theorem 4.9), Stepanov, Fedenko and Kowalski studied the relation between regular s-manifolds, generalized affine symmetric spaces and regular ϕ-spaces. Their works show that these three notions are essentially equivalent to each other. (1) If (G, H, ϕ) is a regular ϕ-space, one can define an operation · ϕ by xH · ϕ yH := xϕ(x −1 y)H, and then (G/H, · ϕ ) is a regular s-manifold. It also admits a canonical affine connection which is invariant under the symmetries, so G/H is a generalized affine symmetric space.
(2) Conversely, for a generalized affine symmetric space endowed with an admissible s-structure, one can construct a regular ϕ-space which gives the inverse correspondence to the above.
(3) Finally, if M is a regular s-manifold, then there exists uniquely an affine connection on M which makes M a generalized affine symmetric space with an admissible s-structure {s x }.
1 In the original definition, an endomorphism is allowed. 2 There seems to be two meanings for the term "regular" here. For s-manifolds, the term regular refers to the condition x · (y · z) = (x · y) · (x · z), and for ϕ-spaces, it refers to the tangential regularity.
1.2. Knots and quandles. To any knot, Joyce ([J82] ) and Matveev([M82] ) associated a certain algebraic system, which Joyce called the knot quandle. A quandle is a nonempty set Q endowed with a binary operation ⊲ which satisfies the following conditions.
(1) q ⊲ q = q. (2) s q : Q → Q; r → q ⊲ r is a bijection. (We write q ⊲ −1 r for s
In more descriptive words, it is a distributive groupoid.
To any knot or surface knot is associated its knot quandle (or fundamental quandle). Given any finite quandle, an invariant called the coloring number is defined for knots and surface knots. There is a theory of quandle homology and cohomology, which gives rise to even more invariants( [CJKLS03] ).
It is obvious that a regular s-manifold can be regarded as a quandle. Joyce already noted, citing [Lo67] and [Lo69] , that a reflexion space is a quandle. However, little attention has been paid to regular s-manifolds in knot theory, probably because finite quandles already provide plenty of useful information. Recently, Rubinsztein defined the notion of continuous quandle( [R07] ). He also defined an invariant topological space J Q (L) for any continuous quandle Q and any link L, which is a continuous generalization of the coloring number.
1.3. Quandle varieties. In this paper, we study quandles and generalized symmetric spaces in the category of algebraic varieties.
By a quandle variety, we mean an algebraic variety Q equipped with quandle operations ⊲ and ⊲ −1 which are regular maps of algebraic varieties. Here, an algebraic variety will be always assumed to be irreducible and reduced.
For any quandle Q, we have two important groups of automorphisms. The group Inn(Q) is defined as the group generated by the automorphisms s q . The group Tr(Q) is the subgroup of Inn(Q) consisting of products of the same numbers of s q and s −1 q . It can be shown that Inn(Q)-orbits and Tr(Q)-orbits coincide, and we say that a quandle is ⊲-connected if it is comprised of one orbit.
Our main theorem implies that a ⊲-connected quandle variety is an algebraic ϕ-space G/H, except that H does not necessarily contain (G ϕ )
• . (1) The group Tr(Q) can be given a structure of a connected algebraic group Tr(Q) such that the action of Tr(Q) on Q is algebraic. If Q is quasi-affine, then Tr(Q) is affine.
(
2) The open orbit O is ⊲-connected, and there are natural isomorphisms Tr(O) ∼ = Tr(Q) and Inn(O) ∼ = Inn(Q).
(3) For any q ∈ Q, the conjugation map g → s q gs −1 q restricts to an automorphism ϕ q of Tr(Q), the stabilizer Tr(Q) q is contained in Tr(Q) ϕq and the natural map Tr(Q)/Tr(Q) q → Inn(Q)q; gTr(Q) q → gq is an isomorphism of quandle varieties.
Each orbit acts on another orbit, and this action can also be described using a certain self-map of Tr(Q).
The plan of this paper is as follows. We recall the definitions and elementary results related to quandles in §2. In §3, we define quandle varieties and show several basic results on orbits which are similar to results on orbits of an algebraic group action. We state and prove the main theorem in §4. The key is to find a space with a Q-action such that Tr(Q) can be identified with an orbit. In the last section, we show a result on the relation between isolatedness of fixed points and ⊲-connectedness, which gives a partial answer to an algebraic version of a question of Kowalski.
Quandles
We recall the definition of quandles and basic results that will be used in the sequel. Most of the contents in this section are from [J82] . In this paper, we use the convention where Q "acts" from the left. Definition 2.1. A quandle is a nonempty set Q equipped with a binary operation ⊲ satisfying the following conditions.
(1) For any q ∈ Q, q ⊲ q = q holds.
(2) For any q, r ∈ Q, there exists a unique element r
We define s q : Q → Q by s q (r) = q ⊲ r, which is bijective by (2). We write q ⊲ −1 r for s
holds for any q, r ∈ Q. An isomorphism is a homomorphism which admits an inverse homomorphism. An isomorphism onto itself is called an automorphism.
The following is immediate from the definitions. Example 2.4. If Q is a nonempty set, then q ⊲ r := r defines the structure of a trivial quandle.
Example 2.5. Let X be a nonempty set and A an abelian group. Let F : X ×X → A be a map. On Q = X × A, the operation (x, a) ⊲ (y, b) := (y, b + F (x, y)) gives a quandle structure if and only if F (x, x) = 0 for any x.
Example 2.6. If G is a group, then g ⊲ h := g −1 hg gives a quandle structure on G. A conjugacy class in G is also a quandle.
Example 2.7. If G is group, ϕ is an automorphism of G and H is contained in G ϕ , then xH ⊲ ϕ yH := xϕ(x −1 y)H gives a quandle structure on G/H. In particular, if G = V is a vector space, ϕ is a linear automorphism and H = 0, then v v v ⊲ w w w := v v v + ϕ(w w w − v v v) defines a quandle.
Example 2.8. If G is group and ϕ is an automorphism of G, then x⊲ ′ ϕ y := xϕ(yx −1 ) gives a quandle structure on G.
This is related to the previous example in the following way( [V65] ). Consider the action of G on (G, ⊲ ′ ϕ ) defined by x · a = xaϕ(x −1 ). Then G/G ϕ can be identified with the orbit of e and the quandle operations coincide under this identification. More generally, the orbit of a can be identified with (G/G ϕa , ⊲ ϕa ), where ϕ a (x) := aϕ(x)a −1 .
Definition 2.9. We define the automorphism group of Q as
and f is bijective} and the inner automorphism group of Q as Inn(Q) := s q |q ∈ Q .
and define the group of transvections of Q to be
We will see that Tr(Q) is in fact a group. Moreover, Inn(Q) and Tr(Q) are normal subgroups of Aut ⊲ (Q).
(2) For any nonnegative integers k and l, let σ 1 , . . . , σ k+l ∈ {±1} be such that
Then S σ1,...,σ k+l depends only on k and l. Proof. From (2) of the previous lemma, we see that Tr(Q) is a subgroup. By (1) of the lemma, we have
, so Inn(Q) and Tr(Q) are normal subgroups.
Definition 2.12. Let Q be a quandle and X a set. An action of Q on X is a map Q × X → X; (q, x) → q ⊲ x subject to the following conditions.
(1) For any q ∈ Q and x ∈ X, there exists a unique element
For any q ∈ Q, we define s q : X → X by s q (x) = q ⊲ x. We write q ⊲ −1 x for s
Let Op(Q, X) be the group generated by {s q |q ∈ Q}. Let Tr k (Q, X) and Tr(Q, X) be defined as in the previous definition.
We can prove the following by the same arguments as in the proof of the previous proposition.
Proposition 2.13. Tr(Q, X) is a normal subgroup of Op(Q, X).
Remark 2.14. (1) There is a natural action of Q on itself, for which Op(Q, Q) = Inn(Q) and Tr(Q, Q) = Tr(Q) hold.
(2) Let As(Q) be the group As(Q) := g q |q ∈ Q||g q g r = g q⊲r g q .
Then an action of Q on X is equivalent to a group action of As(Q) on X, and there is a natural surjective homomorphism As(Q) → Op(Q, X). Let As(Q) 0 be the subgroup defined by
then the above homomorphism restricts to a surjective homomorphism As(Q) 0 → Tr(Q, X).
(3) Note that an action of Q on X does not necessarily induce a homomorphism Inn(Q) → Op(Q, X). In other words, a Q-action on X does not necessarily factor through Inn(Q). For example, let Q = A 1 be endowed with the trivial operation q ⊲ r = r. Then Q acts on X = A 1 by q ⊲ x = x + 1. This action does not factor through Inn(Q) = {id Q }.
(4) Similarly, if we make the trivial quandle
r s q (x) = x + q − r and so the action of Tr(Q, X) does not factor through Tr(Q) = {id Q }.
Proposition 2.15. The equality Inn(Q)q = Tr(Q)q holds for any q ∈ Q.
Proof. It is clear that Tr(Q)q is contained in Inn(Q)q. For the other direction, write an element q ′ of Inn(Q)q as s
Remark 2.16. For an action of Q on a set X, the Op(Q, X)-orbits are not necessarily the same as the Tr(Q, X)-orbits. In the example of Remark 2.14(3), we have Op(Q, X)0 = Z while Tr(Q, X)0 = {0}.
The study of orbits plays an important role in the proof of our main theorem. Let us introduce the following notation.
Definition 2.17. Let Q be a quandle acting on a set X and let Z be a subset of X.
For i ∈ N, we define
Proof.
(1) is obvious from the definitions.
(2) Take an element q of Q, and then
The assertions about Q
−i Z and Q ±i Z can be proven in the same way. (4) Choose a lift of f in As(Q) and let f Q denote its image in Inn(Q). It follows from the axiom
q to the former and s q to the latter, we obtain the assertion.
In this paper, we are mainly interested in the situation where the automorphism group is big enough.
Definition 2.19. A quandle Q is called homogeneous if the action of Aut
A quandle Q is called ⊲-connected if the action of Inn(Q) on Q is transitive. By Proposition 2.15, this is equivalent to saying that the action of Tr(Q) on Q is transitive.
For a discrete quandle Q, the homogeneity of Q implies that the quandle can be described in terms of a group automorphism as in Example 2.7.
Proposition 2.20. Let Q be a quandle and let G be Aut ⊲ (Q), Inn(Q) or Tr(Q).
(1) For any element q of Q, let ϕ q denote the map G → G; g → s q gs
(2) For any two elements q and r of Q, let ψ q,r denote the map G → G; g → s q gs −1 r . Then there is a well-defined action
compatible with the action of Gq on Gr.
Proof. This is essentially Theorems 7.1 and 7.2 of [J82] . First of all, note that G is stable under the map g → s q gs −1 r . This is obvious if G is Aut ⊲ (Q) or Inn(Q). If G is Tr(Q), then its element g can be written as
, and so is s q gs −1 r .
(1) The natural map G/G q → Gq is bijective, and the assertion that it is a homomorphism is a special case of (2), which we prove below. For the second assertion, note that Tr(Q)q is equal to Inn(Q)q by Proposition 2.15.
(2) From gs q = s g(q) g, we see that any element of G q commutes with s q . Similarly, any element of G r commutes with s −1 r . Thus, if g ′ = gg 1 and h ′ = hh 1 with g 1 ∈ G q and h 1 ∈ G r , we have
so the action is well-defined.
We have
so the actions are compatible.
Remark 2.21. Let G be Aut ⊲ (Q), Inn(Q) or Tr(Q). For any q ∈ Q, the map
is easily seen to be a quandle homomorphism. If Q is homogeneous with G = Aut ⊲ (Q) or Q is ⊲-connected with G = Inn(Q) or Tr(Q), this map is the same as the composite map
, where the last map is the injective homomorphism in Example 2.8.
Quandle varieties and orbits of actions
In this section, we work over an algebraically closed field of an arbitrary characteristic.
Definition 3.1. A quandle variety, or an algebraic quandle, is an algebraic (reduced and irreducible) variety Q equipped with a quandle operation ⊲ such that Q × Q → Q × Q; (q, r) → (q, q ⊲ r) is an automorphism of a variety.
An action of Q on an algebraic variety X is called an algebraic action if Q × X → Q × X; (q, x) → (q, q ⊲ x) is an automorphism of a variety. A variety with an action of Q will be called a Q-variety.
In the sequel, actions will be always algebraic when we are dealing with quandle varieties and algebraic varieties.
Example 3.2. (1) In Example 2.5, if X is an algebraic variety, A is a connected commutative algebraic group and F is a regular map, then X × A is a quandle variety.
(2) If G is a connected algebraic group in Example 2.6, then the variety G with the conjugation operation is a quandle variety.
(3) In Example 2.7, we have a quandle variety (G/H, ⊲ ϕ ) if G is a connected algebraic group, ϕ is an algebraic automorphism and H is a closed subgroup.
(4) In Example 2.8, we have a quandle variety (G, ⊲ ′ ϕ ) if G is a connected algebraic group and ϕ is an algebraic automorphism. The quandle (G/G ϕ , ⊲ ϕ ) from the previous example can be embedded into this quandle. Definition 3.3. Let G be an algebraic group, ϕ an automorphism of G, and H a subgroup of G satisfying H ⊆ G ϕ . Then (G/H, ⊲ ϕ ), or the triple (G, H, ϕ), is called a weak algebraic ϕ-space.
If H contains the connected component (G ϕ )
• of G ϕ containing the identity element, then G/H is called an algebraic ϕ-space.
We say that G/H is a regular algebraic ϕ-space if Tēφ − 1 is invertible, wherē e is the residue class of the identity element andφ : G/H → G/H is the induced automorphism.
The group Tr(Q) plays an important role in the theory of generalized symmetric spaces. A key fact is that it is a connected Lie group. Now we will show a partial analogue of this fact for quandle varieties. First, we prove that orbits of Tr(Q)-actions enjoy a number of properties similar to those satisfied by orbits of algebraic group actions.
Let Q be a quandle variety acting on a variety X. Recall from Proposition 2.18(2) that {Tr i (Q, X)Z} is an increasing sequence.
Lemma
In particular,
Proof. (1) Since {Tr i (Q, X)Z} is an increasing sequence of irreducible closed sets, the equality of dimensions implies Tr i0 (Q, X)Z = Tr i0+1 (Q, X)Z. Let W denote this set. It is obviously contained in Tr(Q, X)Z.
Since s
q s r Tr i0 (Q, X)Z ⊆ Tr i0+1 (Q, X)Z = W holds for any q, r ∈ Q, the set W is stable under the action of Tr(Q, X), hence contains Tr(Q, X)Z. Since it is closed, it contains Tr(Q, X)Z.
(2) This is an immediate consequence of (1).
Proposition 3.5. Let z 0 be a point of X. Then Tr(Q, X)z 0 is a locally closed subvariety of X.
In particular, Tr i (Q, X)z 0 = Tr(Q, X)z 0 holds for i ≥ 2 dim X.
By the previous lemma and Chevalley's theorem on the image of a morphism, Tr i0 (Q, X)z 0 contains a nonempty open subset of W . In general, if a group acts on a topological space by homeomorphisms and an orbit contains a nonempty open subset, then it is easily seen to be open. Thus Tr(Q, X)z 0 is open in W , hence locally closed in X.
Let z 1 be an element of Tr(Q, X)z 0 and write z 1 as f (z 0 ) with f ∈ Tr(Q, X). By Proposition 2.18 (4), Tr i0 (Q, X)z 1 is equal to f (Tr i0 (Q, X)z 0 ), which is dense in W . It follows that Tr i0 (Q, X)z 0 and Tr i0 (Q, X)z 1 have nonempty intersection and therefore that z 1 is contained in Tr 2i0 (Q, X)z 0 .
Thus, we see that X is divided into locally closed Tr(Q, X)-orbits.
Recall that an open subgroup of a connected algebraic group is the whole group. As an analogy, for an open subquandle U of Q, it is hoped that Inn(U ) ∼ = Inn(Q) and Tr(U ) ∼ = Tr(Q). The main theorem asserts that this is true if Q has an open orbit. In general, the following holds. For the natural Q-action on Q itself, the Inn(Q)-orbits are equal to the Tr(Q)-orbits by Proposition 2.15. They are also equal to the "forward" orbits in the case of quandle varieties.
Lemma 3.9. (1) Let Z be an irreducible subset of X. If i 0 is a natural number such that dim
By symmetry of ⊲ and ⊲ −1 , similar statements hold for Q −i Z.
(1) Using Proposition 2.18 (3) this time, the equality of dimensions implies that Q i Z stabilizes to an irreducible closed set W for i ≥ i 0 . Obviously we have W ⊆ Inn(Q)Z. For any q ∈ W , we have
Since q ⊲ W is an irreducible closed set with dim(q ⊲ W ) = dim W , the equality q ⊲ W = W holds. Applying s 
In particular, If z 1 = f (z 0 ) with f ∈ Inn(Q), then Q −i2 z 1 is equal to f (Q −i2 z 0 ) by Proposition 2.18 (4), so it is dense in W . It follows that Q i1 z 0 and Q −i2 z 1 have nonempty intersection and therefore that z 1 is contained in Q i1+i2 z 0 .
Remark 3.11. For an action on an arbitrary X, the example in Remark 2.16 shows that Op(Q, X)z 0 is not necessarily constructible. In showing ⊲-connectedness of a quandle, the following proposition is useful.
Proposition 3.13. For a quandle variety, the following conditions are equivalent.
(1) Q is ⊲-connected.
(2) Q i q = Q for any q ∈ Q and i ≥ 2 dim Q. (2') Q i q = Q for some q ∈ Q and i ≥ 2 dim Q. (3) Q i q = Q for any q ∈ Q and i ≫ 0. (3') Q i q = Q for some q ∈ Q and i ≫ 0. (4) Q i q = Q for any q ∈ Q and i ≥ dim Q. (5) Q i q = Q for any q ∈ Q and i ≫ 0.
Proof. Assume the condition (1). Then (2) and (4) follow from the previous proposition and lemma.
The implications from (2) to (2')-(3'), from (2)-(3') to (1) and from (4) to (5) are obvious.
Assume that (5) holds. Then for any q, q ′ ∈ Q, there exists i such that Q i q and Q i q ′ are both dense. By Chevalley's lemma, they contain nonempty open subsets, so they have nonempty intersection. Thus q and q ′ can be connected by an inner automorphism.
Corollary 3.14. If Q is nonsingular and T q s q − 1 is invertible for any q ∈ Q, then Q is ⊲-connected.
Proof. Let t q : Q → Q be defined by t q (r) = r ⊲ q. From r ⊲ r = r, we see that T q t q + T q s q = 1. Thus the assumption means that T q t q is invertible. It follows that t q is dominant, and Q is ⊲-connected by the proposition. w can be considered as algebraically independent functions, we see that Q ⊲ J 1 is dense. Using the transitive action of SL 2 (k), we see that Q ⊲ M is dense for any M ∈ Q. Now Proposition 3.13 tells us that Q is ⊲-connected. Alternatively, note that the Inn(Q)-orbits are equal to the orbits by the conjugacy action of the group generated by Q. We see that Q · {J t |t = 0}, and therefore G, contains a nonempty open subset of SL 2 (k) by an argument similar to the above. Such a subgroup must be equal to SL 2 (k), hence the orbit of J 1 is equal to Q.
On the other hand, the fixed point locus of s J1 is {J t |t = 0}. Again using the SL 2 (k)-action, we see that the fixed point locus of s M is a 1-dimensional set containing M for any M ∈ Q. In particular, T M s M − 1 is singular. Proof. Openness follows from Proposition 3.10. For any q ∈ U , we have Q i q = U for some i by the same proposition. Hence U i q is dense in U , and U is ⊲-connected by the previous proposition.
Remark 3.17. In general, an Inn(Q)-orbit is not necessarily ⊲-connected. In Example 2.5, let X = A = A 1 and F (x, y) = y − x. Then Q = A 2 with (x, a) ⊲ (y, b) = (y, b + y − x), and the orbit of (0, 0) is {0} × A 1 , which is a trivial quandle.
Main Theorem
In this section, we work over an algebraically closed field k of characteristic 0. The word "variety" will always mean an irreducible and reduced variety.
We denote the category of algebraic varieties over k by (Var k ) and the category of groups by (Grp). For a quandle variety Q, let T r(Q) : (Var k ) → (Grp) be the functor defined by T r(Q)(S) := {f ∈ Aut S (S × Q); f | {s}×Q ∈ Tr(Q) for any s ∈ S(k)}.
The following is our main theorem. (1) The group Tr(Q) can be given a structure of a connected algebraic group Tr(Q) such that the action map α :
is a regular map. If Q is quasi-affine, then Tr(Q) is affine. The pair (Tr(Q), α) represents the functor T r(Q). Before starting the proof of the theorem, let us recall how the corresponding fact in differential geometry was proven (see Theorem 1.2). To prove that a regular s-manifold M is a regular ϕ-space, one first constructs a canonical affine connection which turns M into a generalized affine symmetric space. This rigidifies the manifold M , in the sense that a diffeomorphism which preserves the affine connection is determined by the image of a point and the tangent map there. So Tr(M ) can be realized as a subset of a finite dimensional space. Then, it can be proven that Tr(M ) is a Lie group and that M is a homogeneous space. Accordingly, our proof is divided into two parts. First, we find certain structure which rigidifies the space and embed Tr(Q) into an algebraic variety. Second, we show that the image of this embedding is an algebraic group satisfying the conditions.
In view of Proposition 2.20, one might hope to extend our result to quandle varieties which are homogeneous in the sense that the action of Aut ⊲ (Q) is transitive. However, it seems difficult to find a good algebraic subgroup of Aut ⊲ (Q) without any assumption on the action of Inn(Q). For example, consider Q = A n with the trivial quandle operation. Then the group Aut ⊲ (Q) is equal to Aut(A n ), which is a very complicated group.
To carry out our plan of proof, we consider the following condition for a Q-variety X.
Condition 4.2. (1) There exists a natural transformation Φ from T r(Q) to
such that Φ(pt) commutes with the natural surjective homomorphisms As(Q) 0 → Tr(Q) and As(Q) 0 → Tr(Q, X).
(2) There exists a point x ∈ X such that Tr(Q) x = {id}.
Remark 4.3. By condition (1), we have a natural homomorphism Φ(pt) : Tr(Q) → Tr(Q, X). It is an isomorphism by condition (2). The natural transformation Φ is unique if it exists. In fact, let f be a family of transvections over S. Then Φ(S)(f ) must be (s, x) → (s, (Φ(pt)(f s ))(x)).
The theorem can be reduced to the following propositions. 
(1) For any n, there is a natural transformation from Aut ⊲ (Q) to Aut(X). Hence Aut ⊲ (Q) acts on X, and Q acts algebraically on X via Inn(Q).
(2) For n ≫ 0, there exists a point x ∈ X such that Aut ⊲ (Q) x = {id}.
Proposition 4.5. Let Q be a normal quandle variety. Let X be a Q-variety satisfying Condition 4.2 with a point x as in the condition. Note that Tr(Q) := Tr(Q)x is a locally closed subvariety of X by Proposition 3.5.
(1) If U is an open subquandle, then there are natural isomorphisms Tr(U ) ∼ = Tr(Q) and Inn(U ) ∼ = Inn(Q).
(2) The action map α : Tr(Q) × Q → Tr(Q) × Q is an automorphism of a variety.
(3) The pair (Tr(Q), α) represents the functor T r(Q).
(4) Under the identification of Tr(Q) and Tr(Q) by the natural bijection, Tr(Q) with the induced multiplication is an algebraic group.
(5) For any q, r ∈ Q, the map ψ q,r :
is an automorphism of Tr(Q) as an algebraic variety. It also follows that Tr(Q)/Tr(Q) q together with the operation induced by ϕ q is a quandle variety. Since the natural map Tr(Q)/Tr(Q) q → Inn(Q)q is a oneto-one regular map of nonsingular varieties over an algebraically closed field of characteristic 0, it is an isomorphism of varieties. It is an isomorphism of quandles compatible with actions between orbits by Proposition 2.20. Thus (3) holds. Now let us prove the propositions.
Proof of Proposition 4.4. (1) Note that Hom
can be identified with the fiber product of dim Q copies of T O n over O n . Then the first assertion follows from the following functorial constructions.
(a) A family of quandle automorphisms on Q × S induces an automorphism of O × S over S. (b) Let f and g be automorphisms of V × S and W × S, respectively, over S.
automorphism of T V × S which commutes with f . (d) Generalizing (b), if V and W come with morphisms to Y , and f and g are automorphisms of V × S and W × S over S commuting with an automorphism h of Y × S over S, then f × S g restricts to an automorphism of
The second assertion follows from the first assertion. Note that the action of Q on Q gives an element of Aut ⊲ (Q)(Q), hence an element of Aut(X)(Q), i.e. an automorphism of Q × X over Q. This gives a family {s q,X } q∈Q of automorphisms of X. The homomorphism Φ(pt) : Aut ⊲ (Q) → Aut(X) sends s q to s q,X , as we see by mapping a point to q and using the naturality of Φ. Thus we have an algebraic action of Q on X which factors through Aut ⊲ (Q), hence through Inn(Q).
(2) Let µ :
be the multiplication map. Let q 0 be a point of O. By Proposition 3.10 and the assumption that O is an open orbit, we see that
is surjective for n ≫ 0. Since we are working over a field of characteristic 0, there exists a point0 ∈ O n such that T0 µ 1 is surjective. Define µ 2 by µ 2 : Q → Q; q → µ(0 , q).
Let q ′ := µ(0 , q 0 ) = µ 1 (0 ) = µ 2 (q 0 ), and choose a linear map ϕ :
To show the claim, we first associate a vector fieldṽ
. This is what "rigidifies" Q. Informally, this is defined by
Since µ 2 is an automorphism, this defines a vector field on O. Formally, we associate to
, it follows thatẽ e e 1 , . . . ,ẽ e e d form a local frame of T O at q ′ . Now let f ∈ Aut ⊲ (Q) be such that f (x) = x, i.e., f (0 ) =0 , T0 f • ϕ = ϕ and f (q 0 ) = q 0 . Since f is a quandle homomorphism, we have
Since µ 2 is an automorphism, we conclude that
=ẽ e e i for i = 1, . . . , d and the fact thatẽ e e 1 , . . . ,ẽ e e d form a local frame at q ′ , it follows that f is the identity morphism on the formal neighborhood of q ′ , hence on Q.
Proof of Proposition 4.5.
(1) By Proposition 3.6, we have injective homomorphisms Inn(U ) → Inn(Q) and Tr(U ) → Tr(Q). One can identify Tr(U ) and Tr(Q) with Tr(U, X)x and Tr(Q, X)x, and they are equal by Proposition 3.7. So Tr(U ) ∼ = Tr(Q). Since Inn(Q) is generated by Tr(Q) and any one of s q , we have Inn(U ) ∼ = Inn(Q).
(2) Write G for Tr(Q). For a positive integer n, write a a a for an n-ple (a 1 , . . . , a n ), etc., and and
By Proposition 3.5, τ n is surjective for n ≫ 0. It follows that Im α n is the graph of the action map under the identification of Tr(Q) and G. We show that Im α n is a subvariety and that the action map is a regular map. Note that one can always replace n by a larger number. We use the following two lemmas. 
a , we see that there exists an automorphism f of Q 2n+2n ′ as a variety such that τ ′ = τ n+n ′ • f . Thus T τ n+n ′ is surjective at some smooth point over g.
By openness of the smooth locus and noetherian induction, one can find n that works for any g ∈ G.
Lemma 4.7. Let S and U be normal varieties, T a variety, and f : S → T and g : T → U morphisms. Assume that g • f is smooth and surjective and that g is birational. Then g is an isomorphism.
Proof. Let u ∈ U be an arbitrary point, and choose s ∈ S such that g(f (s)) = u. Let T ′ be the normalization of T and f ′ : S → T ′ and g ′ : T ′ → U the induced morphisms.
We claim that g ′ isétale at f ′ (s). We have homomorphismŝ
Since g • f is smooth,Ô S,s can be identified with the power series ring overÔ U,u with generators h 1 , . . . , h d . So we have homomorphismŝ
where ψ •ϕ = id. Then ψ is surjective. Since S, T ′ and U are normal, all these rings are integral domains of dimension dim U ([Z48]), so ψ is also injective. It follows that ϕ is an isomorphism, hence the claim.
This means that f ′ (S) is contained in theétale locus V of g ′ , so g ′ | V is surjective. By [Gr67, Lemma 18.10.18], g ′ | V is an open immersion. Thus it is an isomorphism. It follows that V = T ′ and T = T ′ , so g is an isomorphism.
Let us return to the proof of (2). Let S = Q 2n × Q, T = Im α n , U = G × Q, f = α n and g = (p 1 × p 2 )| T , where p i is the projection from G × Q × Q to the i-th factor. The restriction of g to Im α n is bijective and Im α n is a dense constructible subset of T . This implies that g : T → U is birational, since we are working in characteristic 0. We also know that any point of U is in the image of the smooth locus of g • f .
By the previous lemma, g is an isomorphism. It also follows that Im α n is equal to T . Thus the action map, which is equal to p 3 • g −1 : G × Q → Q, is a morphism. We can see that α −1 is also a morphism by the same arguments. (3) If f : S ×Q → S ×Q is an algebraic family of transvections, then it induces an automorphism Φ(S)(f ) : S × X → S × X over S by Condition 4.2 (1). By sending the constant section S × {x} by this morphism and projecting to X, we obtain a morphism φ f : S → X. It is straightforward to see that its image is contained in Tr(Q) and that the pullback of α by φ f is equal to f .
(4) This follows from (3) since, as is well known, an object representing a group functor is a group object in a natural way. For example, to show that the multiplication map is a morphism, let α 1 , α 2 ∈ Aut(Tr(Q) × Tr(Q) × Q) be defined by (g 1 , g 2 , q) → (g 1 , g 2 , g 1 q) and (g 1 , g 2 , q) → (g 1 , g 2 , g 2 q). Then α 1 •α 2 is an element of T r(Q)(Tr(Q) × Tr(Q)), so it corresponds to a morphism Tr(Q) × Tr(Q) → Tr(Q), which is nothing but the multiplication map.
Remark 4.8. The group Inn(Q) is not necessarilly an algebraic group. For example, if Q = A 1 and x ⊲ y = x + a(y − x) with a = 0, then Q is ⊲-connected if and only if a = 1. It is easy to see that Inn(Q) consists of automorphisms x → a n x + b (n ∈ Z, b ∈ k), so it does not have a natural structure of an algebraic group unless a is a root of unity.
As for non-⊲-connected quandles, the following is known in the setting of differential geometry.
Theorem 4.9 ([Lo67]). Let (M, ·) be a reflexion space. Then there exists a regular ϕ-space (G, H, ϕ) with ϕ involutive and a manifold F with an H-action such that (M, ·) is isomorphic to G × H F with the operation induced from · ϕ .
Note that the orbits are ⊲-connected in this case. It might be possible to obtain a similar result for quandle varieties with this property.
Questions related to ⊲-connectedness
Kowalski asked the following problem. We give a partial answer to its analogue in algebraic geometry.
Proposition 5.2. Let Q be a quandle variety such that q is an isolated fixed point of s q for any q ∈ Q. Then the following hold.
(1) Q ⊲ q is dense for a general point q, hence Q contains an open orbit O.
(2) For a point q ∈ O, the stabilizer Tr(O) q contains (Tr(O) ϕq )
• , so O is an algebraic ϕ-space. ϕq )
• , then we must have g(q) = q by the assumption that q is an isolated fixed point of s q .
(3) Similarly, if a fiber ofs were to contain a positive dimensional variety Z, then Z would be contained in the fixed point locus of s z for any z ∈ Z, a contradiction. Thuss is quasi-finite.
How various regularity conditions are related seems to be a subtle question. We know the following implications.
• (T) ⇒ (I), (D), (C) and (Φ).
• (D) ⇒ (C).
• (I) and (C) ⇒ (D) and (Φ). As we saw in Remark 3.15, the condition (D) does not imply condition (I). The same example also shows that (D) and (Φ) do not imply (I). In fact, let G := SL 2 (k) act on Q by conjugation and define an automorphism ϕ of G by M → J −1 1 M J 1 . Then G J1 and G ϕ are both equal to {M ∈ SL 2 (k)|M J 1 = J 1 M }, and Q is isomorphic to (G/G ϕ , ⊲ ϕ ).
As a related question, what happens if T q s q = 1 for any q ∈ Q? Does there exist a ⊲-connected quandle variety Q with T q s q = 1 for any q ∈ Q? The following example shows that the orbits can be of codimension 1.
Example 5.4. In this example, Q is a weak algebraic ϕ-space, T q s q = 1 for any q ∈ Q and dim(Inn(Q)q) = n − 1 where n = dim Q. More precisely, the dimension of Q k q is k for k ≤ n − 2 and n − 1 for k ≥ n − 1. In Example 2.5, let X = A 1 , A = A n−1 and F (x, y) = ((y −x) 2 , (y −x) 3 , . . . , (y − x) n ). Then Q = A n with (x 1 , . . . , x n ) ⊲ (y 1 , . . . , y n ) = (y 1 , y 2 + (y 1 − x 1 ) 2 , y 3 + (y 1 − x 1 ) 3 , . . . , y n + (y 1 − x 1 ) n ).
Then T q s q = 1 everywhere, but the orbit of (0, 0) is {0} × A n−1 . To see that Q is a weak ϕ-space, note that the map f α1,α2(x1),...,αn(x1) : Q → Q defined by (x 1 , . . . , x n ) → (x 1 + α 1 , x 2 + α 2 (x 1 ), . . . , x n + α n (x 1 )) is an automorphism of Q for any α 1 ∈ k and α i (x 1 ) ∈ k[x 1 ], and that G = {f α1,α2(x1),...,αn(x1) | deg α i (x 1 ) ≤ i − 1(i = 2, . . . , n)} is a subgroup of Aut(Q) acting transitively on Q. We also see that the conjugation by s (0,0) leaves G invariant, and therefore defines an automorphism ϕ of G. Then one can show that Q is isomorphic to (G/G (0,0) , ⊲ ϕ ).
